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Equating coefficients of like powers, 2<i 8 =— 1, 3a s =a,, 4a 4 =— a 3 , and 
5<J 6 =ff 4 . 

Solving for a s , a 3 , a 4 , a., and substituting in (1) and (2), 

X^ X'* 

1 x2 I x4 



INTEGRATION OF ELLIPTIC INTEGRALS. 



By 0. B, M. ZERR, A. M., Ph. D., Professor ot Science and Mathematics. Chester High School. Chester, Pa. 



[Continued from March Number.] 

Writing s+8- 1 for cos2<p in (B), (C), (/)), {E) we get 

2(l+e=-es-e8- 1 )-i=-^ +^,(«+8- 1 )+^ 2 (s 8 + 8- 2 )+/l3(s 3 +8- s ) 

+ ■+A„(s n +*- n )+ (37). 

2(l+e*-es-e8- 1 )-^B + i? 1 (s+8- 1 )+ J B 8 (s s +8- 2 ) + S 3 (8 3 +s- 3 ) 

+ +B n (s n +s-«)+ (38). 

2(l+e 2 -e8-e8- 1 )-S-=C +C r 1 (8-rs- , )+C 8 (82 4 8- 2 )+C 3 (8*+8- 3 ) 

+ +C„(s"+s-»)+ (39). 

2(l+y--es-es- 1 r 7 '=D +D l (s+8- l ) + D s (s-+n- 2 )+D 3 (s !i +s- 3 ) 

+ +Z>„(s"+s-»)+ (40). 

Differentiating (37), (38), and (39) we get 

e (\-s- i )(l+e*-e8-e8- l r i =Ai(l-8-' i ) + 2A !l (8-8- s )+3A !i (s*-8~*) 

+ +nA„(s n - 1 -8- n - 1 )+... .(41). 

3e(l-8- 2 )(l + e*-es-e8- , )-5=fi 1 (l-8- 2 )+2B 2 (s-s- s )+35 3 (8 s -8-*) 

+ +«.B n (s»- 1 -8-»- 1 )+ . . . .(42). 

5e(l-*-*)(.l+e*-e8-es- 1 rl=C 1 (l-s-*)+2C t (8-8- !i ) + 3C ! >(.8*-8- i ) 

4 +«C n (8»- 1 -8-»- 1 )+. . . .(43). 
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From (38) and (41) we get 

he(\-s- i )[B + B,(8 + s-*) + B 2 {$ i +8- i )+ +B„(s»+s-»)+ ] 

=A 1 (l-s~ i ) + 2A ! ,(s-s- s )+SA 3 (s i -s- i ) + +nA„(s n - l -s- n - 1 )+ 

Equating coefficients of « n_1 we get 

2niln=e(fl,_,-B -+1 ) (44). 

Writing (n 4- 1) for n we get 

2{n + l)A n+1 =e(B„-B n+2 ) (45). 

From (37) and (38) we get 

0+e. i -es-es~ l )[B l) + B l (s + 8-^) + B i (s i +s- i )+ + B B (8« + *-*) + 

=A +A 1 (8-+8- 1 ) + A 2 (s°-+s- i )+ .... +A n {s" + s-»)+ 

Equating coefficients of s" we get 

A n =(l+<*)B.-*B n - l +B m+l ) (46). 

Writing (n+1) for n we get 

A n+1 =(\+e"-)B n ^-e(B„ + B ni . 2 ) (47). 

Eliminating B n -i between (44) and (46) we get 

(2n+\)A n =(l+e*)B n -2eB n , x (48). 

Eliminating B n+2 between (45) and (47) we get 

(2n+\)A n+l =-(l+e2)B n+l +2eB n (49). 

Eliminating B n+X between (48) and (49) we get 

B » ^--^~^- s [(i+e-)A n -2eA n+i ] (50), 

Bn +l --=^~-,i(l+e^A nn -2eA n+2 i (51). 

From (39) and (42) we get 

fe(l-«- 2 )tC +C ) (s + s- l ) + C 3 (8 s +s- 2 )+ ..... + C„(s n +8-»)+ 

^B l (l-s- i )+2B^s-s- 3 )+ +nB n (8»- 1 -8-»-> )+ 

Equating coefficients of 8 n_1 we get 

2™J5„-=3e(a„_i-C B+1 ) (52). 

Writing (»+ 1) for n we get 
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2(n+l)/?„ +1 =3e(C„-C nt2 ) (53). 

From (38) and (39) we get 

(l+e 2 -cs-es- 1 )[C +G,(»+8- 1 ) + C 2 (8 2 +s- 2 )+ +C , „(s n +s-»)+ 

=-£„+/?, (s+s-i)+i?.,(s 2 + S 2 )+ +B n (s»+s-»)+ 

Equating coefficients of s n we get 

ii„=(l+e s )C n -e(C n _ 1 + C„. rl ) (54). 

Writing (n + 1) for n we get 

^»fi=(l+e 2 )C n , I -e(C, l + C' M+2 ) (55). 

Eliminating C„_i between (52) and (54) we get 

(2n + 3)fi n =3(l+c 8 )C„-6«C„, 1 (56). 

Eliminating C n+2 between (53) and (55) we get 

(2n-l)£„_,^-3(l + e 2 )C„ i . 1 +6eC„ (57). 

Eliminating C nii between (56) and (57) we get 

C.= 3(1 _! e8) a [(2n+3)(l+e 8 )i? M -2e(2n-ng t , +1 ] (58). 

Similarly, 

D »= 5(l-e 2 )° [(2«+5)(l+e 8 )C n -2e(2 W -3)C n+1 ] (59). 

And generally, 

QB== (2OT+l) 1 (l-6-)' [(2n + 2W+1)(1+e2)f ''~ 2e(2W ~ 2OT+1)P " +l3 (60)- 

(50) and (51) in (58) gives us 
Cn^~^~ r [.(2n + l)()+e'rA n -Sep{l+e i )A n+1 +4eH2n-l)A n+2 } ...(61). 

C w+ i= 3 2n ^ )4 [(2n+3)(l+e 8 )^n + i-8e(n+l)(l+e 5 )^„ +2 

+ 4e*(2n+l)4 w+) ,] (62). 

(61) and (62) in (59) will give us 

Z> w ^ 15 2 "^ 2) , [(2n+3)(2n+l)(l+e 8 )M M -6e(l + e !! ) 2 (2n + 3)(2n-l)^ n+1 

+ 12e 2 (l+« 2 )(4n, s -5)^ n+2 -8e 3 (2n+l)(2n-3)^ n+8 ] (63). 

Knowing the values of A„, A„4-i, etc., we can find the values of B n , B n+ i, 
etc.; V n , C n+ i, etc.; Z>„, D n+U etc. 

|To be Continued. 1 



